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3.3 Increasing and Decreasing Functions and the First DerivativeTest

Determine intervals on which a function is increasing or decreasing.
Apply the First Derivative Test to find relative extrema of a function.

Increasing and Decreasing Functions
In this section, you will learn how derivatives can be used to classify relative extrema
as either relative minima or relative maxima. First, it is important to define increasing
and decreasing functions.

A function is increasing when, as 
moves to the right, its graph moves up, and 
is decreasing when its graph moves down. 
For example, the function in Figure 3.15 is 
decreasing on the interval is constant
on the interval and is increasing on the
interval As shown in Theorem 3.5
below, a positive derivative implies that the
function is increasing, a negative derivative
implies that the function is decreasing, and 
a zero derivative on an entire interval 
implies that the function is constant on 
that interval.

Proof To prove the first case, assume that for all in the interval and
let be any two points in the interval. By the Mean Value Theorem, you know
that there exists a number such that and

Because and you know that which implies that
So, is increasing on the interval. The second case has a similar proof

(see Exercise 97), and the third case is a consequence of Exercise 78 in Section 3.2.
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

ff �x1� < f�x2�.
f�x2� � f�x1� > 0,x2 � x1 > 0,f��c� > 0

f��c� �
f�x2� � f�x1�

x2 � x1
.

x1 < c < x2,c
x1 < x2

�a, b�xf��x� > 0

�b, ��.
�a, b�,

���, a�,

x

Definitions of Increasing and Decreasing Functions

A function is increasing on an interval when, for any two numbers and 
in the interval, implies 

A function is decreasing on an interval when, for any two numbers and 
in the interval, implies f�x1� > f�x2�.x1 < x2

x2x1f

f �x1� < f �x2�.x1 < x2

x2x1f

THEOREM 3.5 Test for Increasing and Decreasing Functions

Let be a function that is continuous on the closed interval and differen-
tiable on the open interval 

1. If for all in then is increasing on 

2. If for all in then is decreasing on 

3. If for all in then is constant on �a, b�.f�a, b�,xf��x� � 0

�a, b�.f�a, b�,xf��x� < 0

�a, b�.f�a, b�,xf��x� > 0

�a, b�.
�a, b�f

x

f
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x = a x = b

f ′(x) < 0 f ′(x) > 0f ′(x) = 0

y

The derivative is related to the slope
of a function.
Figure 3.15

REMARK The conclusions 
in the first two cases of
Theorem 3.5 are valid even
when at a finite 
number of -values in �a, b�.x

f� �x� � 0
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Intervals on Which f Is Increasing or Decreasing

Find the open intervals on which is increasing or decreasing.

Solution Note that is differentiable on the entire real number line and the 
derivative of is

Write original function.

Differentiate.

To determine the critical numbers of set equal to zero.

Set equal to 0.

Factor.

Critical numbers

Because there are no points for which does not exist, you can conclude that 
and are the only critical numbers. The table summarizes the testing of the three
intervals determined by these two critical numbers.

By Theorem 3.5, is increasing on the intervals and and decreasing
on the interval as shown in Figure 3.16.

Example 1 gives you one instance of how to find intervals on which a function is
increasing or decreasing. The guidelines below summarize the steps followed in that
example.

A function is strictly monotonic on an interval when it is either increasing on the
entire interval or decreasing on the entire interval. For instance, the function 
is strictly monotonic on the entire real number line because it is increasing on the entire
real number line, as shown in Figure 3.17(a). The function shown in Figure 3.17(b) is
not strictly monotonic on the entire real number line because it is constant on the 
interval �0, 1�.

f�x� � x3

�0, 1�,
�1, �����, 0�f

x � 1
x � 0f�

 x � 0, 1

 3�x��x � 1� � 0

f��x� 3x2 � 3x � 0

f��x�f,

  f� �x� � 3x2 � 3x.

  f�x� � x3 �
3
2x2

f
f

f�x� � x3 �
3
2x2

178 Chapter 3 Applications of Differentiation

Interval �� < x < 0 0 < x < 1 1 < x < �

Test Value x � �1 x �
1
2 x � 2

Sign of f��x� f���1� � 6 > 0 f� �1
2� � �

3
4 < 0 f��2� � 6 > 0

Conclusion Increasing Decreasing Increasing

GUIDELINES FOR FINDING INTERVALS ON WHICH A FUNCTION
IS INCREASING OR DECREASING

Let be continuous on the interval To find the open intervals on which 
is increasing or decreasing, use the following steps.

1. Locate the critical numbers of in and use these numbers to determine
test intervals.

2. Determine the sign of at one test value in each of the intervals.

3. Use Theorem 3.5 to determine whether is increasing or decreasing on each
interval.

These guidelines are also valid when the interval is replaced by an interval
of the form or ���, ��.���, b�, �a, ��,

�a, b�

f
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(b) Not strictly monotonic

Figure 3.17
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The First Derivative Test
After you have determined the intervals on
which a function is increasing or decreasing,
it is not difficult to locate the relative extrema 
of the function. For instance, in Figure 3.18
(from Example 1), the function

has a relative maximum at the point 
because is increasing immediately to the left 
of and decreasing immediately to the
right of Similarly, has a relative 
minimum at the point because is
decreasing immediately to the left of 
and increasing immediately to the right of

The next theorem makes this more explicit.

Proof Assume that changes from negative to positive at Then there exist and
in such that

for all in and for all in 

By Theorem 3.5, is decreasing on and increasing on So, is a 
minimum of on the open interval and, consequently, a relative minimum of 
This proves the first case of the theorem. The second case can be proved in a similar
way (see Exercise 98).
See LarsonCalculus.com for Bruce Edwards’s video of this proof.

f.�a, b�f
f�c��c, b�.�a, c�f

�c, b�.xf��x� > 0�a, c�xf��x� < 0

Ib
ac.f��x�

x � 1.

x � 1
f�1, �1

2�
fx � 0.

x � 0
f

�0, 0�

f�x� � x3 �
3
2

x2
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3
2

f(x) = x3 −    x2

−1 1 2

−1

2

1

x
(0, 0)

Relative
maximum

Relative
minimum

y

1
2

1, −( )

Relative extrema of 
Figure 3.18

f

THEOREM 3.6 The First Derivative Test

Let be a critical number of a function that is continuous on an open 
interval containing If is differentiable on the interval, except possibly 
at then can be classified as follows.

1. If changes from negative to positive at then has a relative minimum
at 

2. If changes from positive to negative at then has a relative maximum 
at 

3. If is positive on both sides of or negative on both sides of then 
is neither a relative minimum nor a relative maximum.

Relative minimum Relative maximum

Neither relative minimum nor relative maximum

a c b

(−)
(−)

f ′(x) < 0 f ′(x) < 0

a c b

(+) (+)

f ′(x) > 0 f ′(x) > 0

a c b

f ′(x) < 0f ′(x) > 0

(−)(+)

a c b

(−) (+)

f ′(x) < 0 f ′(x) > 0

f �c�c,cf��x�
�c, f �c��.

fc,f��x�
�c, f �c��.

fc,f��x�

f �c�c,
fc.I

fc
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Applying the First Derivative Test

Find the relative extrema of in the interval 

Solution Note that is continuous on the interval The derivative of is
To determine the critical numbers of in this interval, set equal

to 0.

Set equal to 0.

Critical numbers

Because there are no points for which does not exist, you can conclude that 
and are the only critical numbers. The table summarizes the testing of the
three intervals determined by these two critical numbers. By applying the First Derivative
Test, you can conclude that has a relative minimum at the point where and a
relative maximum at the point where as shown in Figure 3.19.

Applying the First Derivative Test

Find the relative extrema of 

Solution Begin by noting that is continuous on the entire real number line. The
derivative of 

General Power Rule

Simplify.

is 0 when and does not exist when So, the critical numbers are 
and The table summarizes the testing of the four intervals determined by

these three critical numbers. By applying the First Derivative Test, you can conclude
that f has a relative minimum at the point a relative maximum at the point

and another relative minimum at the point as shown in Figure 3.20.�2, 0�,�0, 3�16 �,
��2, 0�,

x � 2.x � 0,
x � �2,x � ±2.x � 0

 �
4x

3�x2 � 4�1�3

 f��x� �
2
3

�x2 � 4��1�3�2x�

f
f

f�x� � �x2 � 4�2�3.

x � 5��3,
x � ��3f

x � 5��3
x � ��3f�

 x �
�

3
, 

5�

3

 cos x �
1
2

f��x� 
1
2

� cos x � 0

f��x�ff� �x� �
1
2 � cos x.

f�0, 2��.f

�0, 2��.f�x� �
1
2 x � sin x
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Interval 0 < x <
�

3
�

3
< x <

5�

3
5�

3
< x < 2�

Test Value x �
�

4
x � � x �

7�

4

Sign of f��x� f���

4	 < 0 f� ��� > 0 f��7�

4 	 < 0

Conclusion Decreasing Increasing Decreasing

Interval �� < x < �2 �2 < x < 0 0 < x < 2 2 < x < �

Test Value x � �3 x � �1 x � 1 x � 3

Sign of f��x� f���3� < 0 f� ��1� > 0 f� �1� < 0 f� �3� > 0

Conclusion Decreasing Increasing Decreasing Increasing

x
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π4
3
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maximum

Relative
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f(x) =    x − sin x

y

1
2

A relative minimum occurs where 
changes from decreasing to increasing,
and a relative maximum occurs where 
changes from increasing to decreasing.
Figure 3.19
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Figure 3.20
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Note that in Examples 1 and 2, the given functions are differentiable on the entire
real number line. For such functions, the only critical numbers are those for which

Example 3 concerns a function that has two types of critical numbers—those
for which and those for which is not differentiable.

When using the First Derivative Test, be sure to consider the domain of the
function. For instance, in the next example, the function

is not defined when This value must be used with the critical numbers to 
determine the test intervals.

Applying the First Derivative Test

See LarsonCalculus.com for an interactive version of this type of example.

Find the relative extrema of 

Solution Note that is not defined when 

Rewrite original function.

Differentiate.

Rewrite with positive exponent.

Simplify.

Factor.

So, is zero at Moreover, because is not in the domain of you
should use this -value along with the critical numbers to determine the test intervals.

Critical numbers,

0 is not in the domain of 

The table summarizes the testing of the four intervals determined by these three 
-values. By applying the First Derivative Test, you can conclude that has one relative

minimum at the point and another at the point as shown in Figure 3.21.�1, 2�,��1, 2�
fx

f.x � 0

f��±1� � 0x � ±1

x
f,x � 0x � ±1.f��x�

 �
2�x2 � 1��x � 1��x � 1�

x3

 �
2�x4 � 1�

x3

 � 2x �
2
x3

 f��x� � 2x � 2x�3

 f�x� � x2 � x�2

x � 0.f

f�x� �
x4 � 1

x2 .

x-x � 0.

f�x� �
x4 � 1

x2

ff��x� � 0
f��x� � 0.
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Interval �� < x < �1 �1 < x < 0 0 < x < 1 1 < x < �

Test Value x � �2 x � �
1
2 x �

1
2 x � 2

Sign of f��x� f���2� < 0 f� ��1
2� > 0 f� �1

2� < 0 f� �2� > 0

Conclusion Decreasing Increasing Decreasing Increasing

TECHNOLOGY The most difficult step in applying the First Derivative Test is 
finding the values for which the derivative is equal to 0. For instance, the values of 
for which the derivative of

is equal to zero are and If you have access to technology
that can perform symbolic differentiation and solve equations, use it to apply the
First Derivative Test to this function.

x � ±��2 � 1.x � 0

f�x� �
x4 � 1
x2 � 1

x

5

4

3

2

1

321−1−2

y

x

Relative
minimum

Relative
minimum

(−1, 2) (1, 2)

f(x) = 
x2

x4 + 1

-values that are not in the domain of 
as well as critical numbers, determine
test intervals for 
Figure 3.21

f�.

f,x
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The Path of a Projectile

Neglecting air resistance, the path of a projectile that is propelled at an angle is

where is the height, is the horizontal distance, is the acceleration due to gravity,
is the initial velocity, and is the initial height. (This equation is derived in Section
12.3.) Let feet per second per second, feet per second, and 
feet. What value of will produce a maximum horizontal distance?

Solution To find the distance the projectile travels, let 
and Then substitute these values in the given equation as shown.

Next, solve for using the Quadratic Formula with and

At this point, you need to find the value of that produces a maximum value of 
Applying the First Derivative Test by hand would be very tedious. Using technology to
solve the equation however, eliminates most of the messy computations.
The result is that the maximum value of occurs when

radian, or

This conclusion is reinforced by sketching the path of the projectile for different values
of as shown in Figure 3.22. Of the three paths shown, note that the distance traveled
is greatest for 

The path of a projectile with initial angle 
Figure 3.22
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x
dx�d� � 0,

x.�
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 0 x � 18 cos � �sin � � �sin2 � � 1 �,
 x �

�tan � ± �tan2 � � sec2 �
�sec2 ��18

 x �
�tan � ± ��tan ��2 � 4��sec2 ��36��9�

2��sec2 ��36�

 x �
�b ± �b2 � 4ac

2a

c � 9.
b � tan �,a � �sec2 ��36,x

 �
sec2 �

36
x2 � �tan ��x � 9 � 0

�32 sec2 �
2�242� x2 � �tan ��x � 9 � 0

 
g sec2 �

2v0
2 x2 � �tan ��x � h � y

h � 9.
v0 � 24,g � �32,y � 0,

�
h � 9v0 � 24g � �32

h
v0gxy

0 � � �
�

2
y �

g sec2 �
2v0

2 x2 � �tan ��x � h,

�

182 Chapter 3 Applications of Differentiation

When a projectile is propelled
from ground level and air resist-
ance is neglected, the object 
will travel farthest with an initial
angle of 45°. When, however, 
the projectile is propelled from 
a point above ground level, 
the angle that yields a maximum
horizontal distance is not 45°
(see Example 5).

.shock/Shutterstock.com
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3.3 Increasing and Decreasing Functions and the First Derivative Test 183

Using a Graph In Exercises 1 and 2, use the graph of to
find (a) the largest open interval on which is increasing, and
(b) the largest open interval on which is decreasing.

1. 2.

Using a Graph In Exercises 3–8, use the graph to estimate
the open intervals on which the function is increasing or
decreasing. Then find the open intervals analytically.

3. 4.

5. 6.

7. 8.

Intervals on Which f Is Increasing or Decreasing In
Exercises 9–16, identify the open intervals on which the 
function is increasing or decreasing.

9. 10.

11. 12.

13.

14.

15.

16.

Applying the First Derivative Test In Exercises 17–40,
(a) find the critical numbers of (if any), (b) find the open
interval(s) on which the function is increasing or decreasing,
(c) apply the First Derivative Test to identify all relative extrema,
and (d) use a graphing utility to confirm your results.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35.

36.

37.

38.

39.

40.

Applying the First Derivative Test In Exercises 41–48,
consider the function on the interval For each function,
(a) find the open interval(s) on which the function is increasing
or decreasing, (b) apply the First Derivative Test to identify all
relative extrema, and (c) use a graphing utility to confirm your
results.

41. 42.

43. 44.

45. 46.

47. 48. f �x� �
sin x

1 � cos2 x
f �x� � sin2 x � sin x

f �x� � sin x � �3 cos xf �x� � cos2�2x�
f �x� � x � 2 sin xf �x� � sin x � cos x

f �x� � sin x cos x � 5f �x� �
x
2

� cos x

�0, 2��.

f �x� � �x3 � 1,
�x2 � 2x,

x � 0
x > 0

f �x� � 3x � 1,
5 � x2,

x � 1
x > 1

f �x� � 2x � 1,
x2 � 2,

x � �1
x > �1

f �x� � 4 � x2,
�2x,

x � 0
x > 0

f �x� �
x2 � 2x � 1

x � 1

f �x� �
x2

x2 � 9

f �x� �
x

x � 5
f �x� � 2x �

1
x

f �x� � �x � 3� � 1f �x� � 5 � �x � 5�
f �x� � �x � 3�1�3f �x� � �x � 2�2�3

f �x� � x2�3 � 4f �x� � x1�3 � 1

f �x� � x4 � 32x � 4f �x� �
x5 � 5x

5

f �x� � �x � 2�2�x � 1�f �x� � �x � 1�2�x � 3�
f �x� � x3 � 6x2 � 15f �x� � 2x3 � 3x2 � 12x

f �x� � �3x2 � 4x � 2f �x� � �2x2 � 4x � 3

f �x� � x2 � 6x � 10f �x� � x2 � 4x

f

0 < x < 2�f �x� � sin2 x � sin x, 

0 < x < 2�y � x � 2 cos x,

0 < x < 2�h�x� � cos 
x
2

,

0 < x < 2�f �x� � sin x � 1,

y � x �
9
x

y � x�16 � x2

h�x� � 12x � x3g�x� � x2 � 2x � 8
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3.3 Exercises See CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.
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184 Chapter 3 Applications of Differentiation

Finding and Analyzing Derivatives Using Technology

In Exercises 49–54, (a) use a computer algebra system to
differentiate the function, (b) sketch the graphs of and on
the same set of coordinate axes over the given interval, (c) find
the critical numbers of in the open interval, and (d) find the 
interval(s) on which is positive and the interval(s) on which it
is negative. Compare the behavior of and the sign of 

49.

50.

51.

52.

53.

54.

Comparing Functions In Exercises 55 and 56, use 
symmetry, extrema, and zeros to sketch the graph of How do
the functions and differ?

55.

56.

Think About It In Exercises 57–62, the graph of is 
shown in the figure. Sketch a graph of the derivative of To 
print an enlarged copy of the graph, go to MathGraphs.com.

57. 58.

59. 60.

61. 62.
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y

f

f.
f

g�t� � 1 � 2 sin2 t

 f �t� � cos2 t � sin2 t

g�x� � x�x2 � 3)

 f �x� �
x5 � 4x3 � 3x

x2 � 1

gf
f.

�0, ��f �x� � 2 sin 3x � 4 cos 3x,

�0, 6��f �x� � �3 sin 
x
3

,

�0, 4��f �x� �
x
2

� cos 
x
2

,

�0, 2��f �t� � t 2 sin t,

�0, 5�f �x� � 10�5 � �x2 � 3x � 16 �,
��3, 3�f �x� � 2x�9 � x2,

f�.f
f�

f

f�f

WRITING ABOUT CONCEPTS
Transformations of Functions In Exercises 63–68,
assume that is differentiable for all The signs of are as
follows.

on 

on 

on 

Supply the appropriate inequality sign for the indicated
value of 

Function Sign of 

63.

64.

65.

66.

67.

68.

69. Sketching a Graph Sketch the graph of the arbitrary
function such that

 f��x� > 0,
undefined,
< 0,

x < 4
x � 4
x > 4

.

f

 g� �8�  �0g�x� � f �x � 10�
 g� �0�  �0g�x� � f �x � 10�
 g� �0�  �0g�x� � �f �x�
 g� ��6� �0g�x� � �f �x�
 g� ��5� �0g�x� � 3f �x� � 3

 g� �0�  �0g�x� � f �x� � 5

g��c�

c.

�6, ��f��x� > 0

��4, 6�f��x� < 0

���, �4�f��x� > 0

f�x.f

70. HOW DO YOU SEE IT? Use the graph of 
to (a) identify the critical numbers of 

(b) identify the open interval(s) on which is 
increasing or decreasing, and (c) determine
whether has a relative maximum, a relative 
minimum, or neither at each critical number.

(i) (ii)

(iii) (iv)

x

y

f ′

−4−6 2 4 6−2
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4

6

y

x
2 4−2

−2
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−4

2

4

f ′

y

x
2 4−2−4

−2

6
f ′

y

x
2 4−2
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−4

f ′

f

f
f,f�
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3.3 Increasing and Decreasing Functions and the First Derivative Test 185

71. Analyzing a Critical Number A differentiable function
has one critical number at Identify the relative extrema

of at the critical number when and 

72. Analyzing a Critical Number A differentiable function
has one critical number at Identify the relative extrema

of at the critical number when and 

Think About It In Exercises 73 and 74, the function is 
differentiable on the indicated interval. The table shows 
for selected values of (a) Sketch the graph of (b) approxi-
mate the critical numbers, and (c) identify the relative extrema.

73. is differentiable on 

74. is differentiable on 

75. Rolling a Ball Bearing A ball bearing is placed on an
inclined plane and begins to roll. The angle of elevation of the
plane is The distance (in meters) the ball bearing rolls in 
seconds is 

(a) Determine the speed of the ball bearing after seconds.

(b) Complete the table and use it to determine the value of 
that produces the maximum speed at a particular time.

76. Modeling Data The end-of-year assets of the Medicare
Hospital Insurance Trust Fund (in billions of dollars) for the
years 1999 through 2010 are shown.

1999: 141.4; 2000: 177.5; 2001: 208.7; 2002: 234.8;
2003: 256.0; 2004: 269.3; 2005: 285.8; 2006: 305.4
2007: 326.0; 2008: 321.3; 2009: 304.2; 2010: 271.9

(Source: U.S. Centers for Medicare and Medicaid Services)

(a) Use the regression capabilities of a graphing utility to find
a model of the form for
the data. (Let represent 1999.)

(b) Use a graphing utility to plot the data and graph the model.

(c) Find the maximum value of the model and compare the
result with the actual data.

77. Numerical, Graphical, and Analytic Analysis The
concentration of a chemical in the bloodstream hours after
injection into muscle tissue is

(a) Complete the table and use it to approximate the time
when the concentration is greatest.

(b) Use a graphing utility to graph the concentration function
and use the graph to approximate the time when the
concentration is greatest.

(c) Use calculus to determine analytically the time when the
concentration is greatest.

78. Numerical, Graphical, and Analytic Analysis Consider
the functions and on the interval 

(a) Complete the table and make a conjecture about which is
the greater function on the interval 

(b) Use a graphing utility to graph the functions and use the
graphs to make a conjecture about which is the greater
function on the interval 

(c) Prove that on the interval [Hint: Show
that where ]

79. Trachea Contraction Coughing forces the trachea
(windpipe) to contract, which affects the velocity of the air
passing through the trachea. The velocity of the air during
coughing is 

where is a constant, is the normal radius of the trachea, and
is the radius during coughing. What radius will produce the

maximum air velocity?

80. Electrical Resistance The resistance of a certain type
of resistor is 

where is measured in ohms and the temperature is
measured in degrees Celsius.

(a) Use a computer algebra system to find and the 
critical number of the function. Determine the minimum
resistance for this type of resistor.

(b) Use a graphing utility to graph the function and use the
graph to approximate the minimum resistance for this type
of resistor.

R

dR�dT

TR

R � �0.001T 4 � 4T � 100

R

r
Rk

0 � r < Rv � k�R � r�r 2,

v

h � f � g.h��x� > 0,
�0, ��.f �x� > g�x�

�0, ��.

�0, ��.

�0, ��.g�x� � sin xf �x� � x

t 
 0.C(t) �
3t

27 � t3,

tC

t � 9
M � at4 � bt3 � ct2 � dt � e

�

t

s�t� � 4.9�sin ��t 2.
t�.

�0, ��.f

��1, 1�.f

f,x.
f��x�
f

f� �3� � 6.f� �1� � 2f
x � 2.f

f��6� � 3.f��4� � �2.5f
x � 5.f

x �1 �0.75 �0.50 �0.25 0

f��x� �10 �3.2 �0.5 0.8 5.6

x 0.25 0.50 0.75 1

f��x� 3.6 �0.2 �6.7 �20.1

x 2��3 3��4 5��6 �

f��x� 3.00 1.37 �1.14 �2.84

x 0 ��6 ��4 ��3 ��2

f��x� 3.14 �0.23 �2.45 �3.11 0.69

� 0 ��4 ��3 ��2 2��3 3��4 �

s��t�

t 0 0.5 1 1.5 2 2.5 3

C�t�

x 0.5 1 1.5 2 2.5 3

f �x�

g�x�
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186 Chapter 3 Applications of Differentiation

Motion Along a Line In Exercises 81–84, the function 
describes the motion of a particle along a line. For each 
function, (a) find the velocity function of the particle at any
time (b) identify the time interval(s) in which the particle
is moving in a positive direction, (c) identify the time interval(s)
in which the particle is moving in a negative direction, and 
(d) identify the time(s) at which the particle changes direction.

81.

82.

83.

84.

Motion Along a Line In Exercises 85 and 86, the graph
shows the position of a particle moving along a line. Describe
how the particle’s position changes with respect to time.

85. 86.

Creating Polynomial Functions In Exercises 87–90, find
a polynomial function

that has only the specified extrema. (a) Determine the 
minimum degree of the function and give the criteria you used
in determining the degree. (b) Using the fact that the 
coordinates of the extrema are solution points of the function,
and that the -coordinates are critical numbers, determine a
system of linear equations whose solution yields the coefficients
of the required function. (c) Use a graphing utility to solve the
system of equations and determine the function. (d) Use a
graphing utility to confirm your result graphically.

87. Relative minimum: Relative maximum:

88. Relative minimum: Relative maximum:

89. Relative minima: Relative maximum:

90. Relative minimum: Relative maxima:

True or False? In Exercises 91–96, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

91. The sum of two increasing functions is increasing.

92. The product of two increasing functions is increasing.

93. Every th-degree polynomial has critical numbers.

94. An th-degree polynomial has at most critical numbers.

95. There is a relative maximum or minimum at each critical 
number.

96. The relative maxima of the function are and
Therefore, has at least one minimum for some 

in the interval 

97. Proof Prove the second case of Theorem 3.5.

98. Proof Prove the second case of Theorem 3.6.

99. Proof Use the definitions of increasing and decreasing
functions to prove that is increasing on 

100. Proof Use the definitions of increasing and decreasing
functions to prove that

is decreasing on �0, ��.

f �x� �
1
x

���, ��.f �x� � x3

�1, 3�.
xff �3� � 10.

f �1� � 4f

�n � 1�n

�n � 1�n

��1, 4�, �3, 4��1, 2�;
�2, 4��0, 0�, �4, 0�;

�4, 1000��0, 0�;
�2, 2��0, 0�;

x

 f �x� � an xn � an�1x n�1 � .  .  . � a2 x2 � a1x � a0

s

t
3 6 9 12 15 18

20

40

60

80

100

120

s

t
1 2 3 4 5 6 8 10

4

−4
−8

−12

8
12
16
20
24
28

s�t� � t3 � 20t2 � 128t � 280

s�t� � t3 � 5t2 � 4t

s�t� � t2 � 7t � 10

s�t� � 6t � t2

t 
 0,

s�t�

PUTNAM EXAM CHALLENGE
101. Find the minimum value of

for real numbers 
This problem was composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.

x.

�sin x � cos x � tan x � cot x � sec x � csc x�

Rainbows are formed when light strikes raindrops and is reflected
and refracted, as shown in the figure. (This figure shows a cross 
section of a spherical raindrop.) The Law of Refraction states that 

where (for water). The angle of deflection is given by

(a) Use a graphing utility to graph

(b) Prove that the minimum angle of deflection occurs when

For water, what is the minimum angle of deflection (The
angle is called the rainbow angle.) What value of 
produces this minimum angle? (A ray of sunlight that strikes a
raindrop at this angle, is called a rainbow ray.)�,

�� � Dmin

Dmin?

cos � ��k2 � 1
3

.

0 � � �
�

2
.D � � � 2� � 4 sin�1�sin �

k 	,

β

α

α

β
β

β

Water

� 4.D � � � 2�
k 
 1.33

sin �
sin 

� k

Rainbows

FOR FURTHER INFORMATION For more information
about the mathematics of rainbows, see the article “Somewhere
Within the Rainbow” by Steven Janke in The UMAP Journal.
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